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The  stress analysis  on o r tho t rop i c  compos i te  cy l indr ica l  shells with  one c i rcular  or one  

el l ipt ical  cu tout  subjected to an axial force is carr ied out  by using an analy t ica l  and  exper imenta l  

method.  The  compos i te  cyl indr ica l  shell govern ing  equa t i on  of  the Donne l l ' s  type is appl ied  to 

this study and  all results are presented by the stress concen t r a t i on  factor. The  stress concent ra -  

t ion factor is defined as the rat io  of  the stress on the region a r o u n d  a cu tout  to the n o m i n a l  stress 

of  the shell. The  stress concen t r a t i on  factor is classified into the c i rcumferen t ia l  stress concen-  

t ra t ion  factors and  the radial  stress concen t r a t i on  factors due to the cyl indr ica l  coord ina te  of  

which  the or igin is the center  of  a cutout .  The  cons idered  load ing  cond i t ion  is only  axial t ens ion  

load ing  cond i t ion .  In this study, thus,  the m a x i m u m  stress is induced on pe rpend icu la r  region 

against  axial direct ion,  on the coord ina te .  Var ious  cu tout  sizes are expressed using the radius  

ratio,  0 =  + ~  which  is the radius  of  a cutout  over  one of  the cyl indr ica l  shell. Exper imenta l  
2" 

results are ob ta ined  using s t ra in  gages, which are a t tached a r o u n d  a cutout  of  the cyl indr ica l  

shell. As the result from this  study, the stress concen t r a t i on  a r o u n d  a cu tout  can  be predicted by 

using the analy t ica l  me thod  for an o r tho t rop i c  compos i t e  cyl indr ica l  shell  hav ing  a c i rcular  or 

an el l ipt ical  cutout .  

Key W o r d s : C u t o u t ,  Stress C o n c e n t r a t i o n  Fac tor  ( S C F ) ,  Rad ius  Ra t io  (p) 

1. Introduction 

The  stress d i s t r ibu t ion  in a fiat plate  with a 

c i rcular  cutout  has  been invest igated for the first 
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t ime by Kirsch (1898). His results pe r ta in ing  to 

an infini te  plate loaded in un id i rec t iona l  tens ion  

are we l l - known .  The  m a x i m u m  stress on  the flat 

plate hav ing  a c i rcular  cu tout  amoun t s  to three  

t imes the m a x i m u m  stress tha t  would  be found in 

a solid plate. Th i s  factor  3 is k n o w n  as the stress 

concen t r a t i on  factor in the plate. M a n y  so lu t ions  

for o ther  p rob lems  of  this  type have been ob-  

ta ined,  e.g. different loading  cond i t ions ,  plates 

tha t  are not  infini te  such as strips, and  the cases of  

n o n - c i r c u l a r  cutouts.  
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It must be expected that in the case of  a cy- 

l indrical  shell weakened by a circular cutout  these 

results will be influenced by the curvature. The 

first one who attacked this problem was Lur 'e  

(1946). After him many researchers have studied 

on cutout  problems and the stress distr ibut ion is 

predicted around the cutout  smaller  than 1/4 of  

the diameter  of  the shell (Lekkerkerker,  1972: 

Van Dyke, 1965 ; Eringen et al, 1964). For  a large 

size cutout,  Steele (1983, 1986) carried out the 

stress analysis by using Donnel l ' s  and Sanders '  

shell equation.  And  Xue  et al. (1991) developed 

an analytical solut ion for the stress distribu- 

t ion on a cylindrical  shell with a large cutout  by 

the modif ied Morley 's  shell equat ion.  Lee et al. 

(1999) studied the stress concentrat ion and the 

stress distr ibut ion near a cutout  of  the cylindrical  

shells with a reinforced cutout  under an axial 

compression.  Lee et a1.(1997) researched the 

stress contour  over  both a reinforcement and 

main shell of  the reinforced radial  nozzle on 

the spherical shell. Chen et a1.(2002) studied the 

elastic analysis of  doubly  periodic  circular holes 

in infinite plane. Lee et al. (2002) also examined 

the circular cylinder with many cylindrical  holes 

in axial direct ion under thermal loading. All 

these studies are valid for an isotropic material  

cyl indrical  shell. But there are a few researches 

for the stress dis t r ibut ion on the composi te  shell 

with a cutout. Mukoed (1970) obtained the an- 

alytical solutions for the or thotropic  cylindrical  

shells with a circular  cutout  using the Hanke l -  

Kylov function. Researches for a composi te  ma- 

terial with any cutout  were usually applied to a 

flat plate. 

In this paper, the stress analysis for the ortho- 

tropic composi te  cylindrical  shells with a cir- 

cular  or  an ell iptical  cutout  subjected to an axial 

force is carried out using an analytical and an 

experimental  method. In the analytical method, 

the composi te  shell governing equat ion of  Don-  

nell 's type is used and all results are indicated by 

the stress concentra t ion factor that is defined as 

the ratio of  the stress around a cutout  to a 

nominal  stress on the cyl indrical  shell. The vari- 

ous cutout  sizes are defined as radius ratio, the 

radius of  a cutout  to one of  the cylindrical  shell. 

Experimental  results are calculated using the 

strain gages which are attached on both the inner 

surface and the outer surface of  a cylindrical  

shell. 

2. Formulation 

To analyze the cylindrical  shell having a cut- 

out, many coordinate  systems and the relation 

ship among the systems must be understood. Fig. 

1 shows considered coordinate  systems for the 

cutout  problem. R ,  r0 and z' represent the radius 

of  a cylindrical  shell, the radius of  a cutout and 

the thickness of  a cylindrical  shell, respectively. 

To determine the cutout  problem, 4 coordinate  

systems are considered ; a global  Cartesian coor-  

dinate system (x, y, z ) ,  a developed Cartesian 

coordinate  system (~, q~, z ) ,  a developed cylin- 

drical coordinate  system (a, /~,  z) and a projected 

cylindrical  coordinate  (p, 0, z) .  In the projected 

cylindrical  coordinate  p denotes radius ratio and 

is defined as r / R .  

The Donnel l ' s  governing equat ion for the 

cylindrical  shells of  an isotropic material  is 

well known as one of  the governing equations.  

Mukoed  (1970) studied stress state in the vicinity 

of  the circular  hole in an or thotropic  composi te  

cylindrical  shells. In his study, the governing 

Fig. 1 

! r 
Y 

Coordinate systems for the cylindrical shell 

with a cutout ( p = r / R )  
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equat ion of DonnelFs  type on orthotropic cylin- 

drical shells through complex form is obtained as 

following 

where, the orthotropic parameter /l and the dis- 

placement-stress function 2: are defined 

A =  E~ (2a) 
Ee 

A=w+i~(3 ( l - - v*~v '* )  (D (2b) 
E,E~ 

t2=i ro _[12A(l_vt~V¢,) ]l/4 (2c) 
2v"Rt 

Eq. (1) can be written as following 

(V4 4/x2i o ~ o ~ ~ ) X =  (3a) 

) ' = l - a  (3b) 

Let us assume that Irl<l and the / 'unction Z 

can be represented in the form of a series expan- 

sion with respect to )" 

Z = X ° +  ~'Z 1 + )'2Z2 + " '  (4) 

Using this equat ion we can obtain a homo- 

geneous equat ion and a part icular equat ion from 

the governing equation.  

0 2 V - 4/t  2i ~)z0=0 (Sa) 
9 2 \ 

(V2--41~i~]x~=~ffV2qS~_, (5b) 

where, j = l ,  2, ... 

The right side of both equat ions is similar 

to one of the governing equat ion for isotropic 

cylindrical  shell. The part icular equat ion (5b) 

is involved by the orthotropic characteristics of 

material. But the part icular solution may be 

ignored because the homogeneous solut ion is 

more dominan t  to the stress prediction for this 

problem than the part icular solution. 

The displacement-stress function is derived 

using a Bessel and Hankel  function. 

Zo=~]~,(-1)~C,Fk, cos2k~ (6) 
k = 0 n = 0  

F ]]-,(,;-~m)H,(~a) (k=01 
~,= _ _  _ _  ( 7 )  

l []2~-,(,:-im)+]_2~_,(,-iua)]H,(~al (k>01 

where the coefficient is 

;7 = ~ , / - - ~  (g) 

Cn is the unknown  complex constant  which can 

be obtained applying the free boundary  condi t ion  

along the cutout  edge. 

The cutout size for a circular and an elliptical 

cutout is indicated by the radius ratio ; 

ro : circular cutout (9a) Po-- R 

ab 
• elliptical cutout (9b) 

P0= R4,a2sin20+b2 c0s2 0 

where a and b for an elliptical cutout are a 

major and a minor  radius of the cutout, respec- 

tively. And the normal  direction coordinate,  z, 

is described the function of circumferential direc- 

tion coordinate,  0, along the boundary  curve of 

a cutout, / ' ,  in the coordinates (p, O, z), 

Pr (10) Po 
z r = R f l  - 020 s in  2 0 

That  is transformed on the coordinates (a', fl) 
at [p~ cos 2 0+{ sin -1 (Po sin 0) }z],2 

fir----sin -~ [{ sin -I (P0 sin 0) } ( 1 1) 
{ p02 cos 2 0 + (sin-~ (Oo sin 0)) 2 }-'~] 

3. Experiment 

Uniform axial tension is considered as the 

loading condi t ion  on the composite cylindrical  

shell. The used composite material is G F R P  plain 

weave fabric composite and the laminated se- 

quence is [02/+---452/902~s. A plain weave fabric 

composite is generally used due to some manu-  

factured convenience and the sequence is one 

of general cases• The material  properties are re- 

presented in Table  1. 

Geometric dimensions of the cylindrical  shell 

with a elliptical cutout are following as ;  radius 

of the cylindrical  shell 107 mm, major  and minor  

radius of the cutout  45 mm and 32 mm. thickness 

2.2 mm. Fig. 2 shows the cylindrical  shell having 
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T a b l e  1 Material properties of plain weave compo- 
site specimens 

Case 

Longitudinal Young's modulus (El) 

Transverse Young's modulus (E2) 

Longitudinal shear modulus (G12) 

Poisson's ratio ([/12) 

Unit Value 

GPa 26.2 

GPa 26.2 

GPa 4.9 

- -  0 .12  

/" Y I 

-. .fl~,_ 5" 

F ig .  2 Composite cylindrical shell having an elli- 

ptical cutout and strain gages attached 

around the cutout edge 

an ell iptical cutout  and strain gages attached 

around the cutout. Many small holes were made 

at both edges in axial direction of  the shell in 

order to connect  tension equipments.  Strain gages 
7/" 2. 

were attached on 0 = 0 ,  ~-, ~ -  and the distance 

between the gages in each 0 direct ion was 13 mm. 

One gage is attached opposi te  the cutout  in order 

to obtain the reference strain, which is used in 

calculat ing the concentra t ion factors. Strain gages 

were equipped on the outer  surface at the same 

posit ion o f  the cylindrical  shell and several gages 

were on the inner surface of  the same posit ion as 

the outer ones. 

4. Review of  Results  

Analyt ical  results are classified into a mem- 

brane component  and a bending component ,  and 

the total stress concentra t ion factor is obtained by 

combina t ion  of  the two components.  The  total 

stress concentra t ion factor on the convex region 

(tensile stress state) is calculated by the sum of 

the two components ,  when a structure is in a 

bending mode. In this study, the total S C F  at 
2" 

0 = ~  - was calculated by the difference of  the two 

components  in order to compar ison with some 

experimental  data obtained on the outer surface 

of  the cylindrical  shell. The  reason is that the 

outer surface has a concave bending mode deflec- 
7/" 

tion at 0 = ~  when the cylindrical  shell having 

a cutout  is under the tension load condit ion.  So, 

the outer  surface is in compressive stress state 

and the SCF  obtained from experimental  data 

can be discussed with the difference of  the mem- 

brane S C F  and the bending SCF,  finally. 

Stress resultant 
S C F ' =  Nominal membrane stress resultant (12a) 

6 Stress couple (12b) SCF~= 
t Nominal membrane stress resultant 

S C F  = S C F  m +_ S C F  ~ (12c) 

All stress concentra t ion factors obtained by an- 

alytical method equal  to strain concentra t ion fac- 

tors determined by experimental  method. And 

then compar ison of  analytical  results with ex- 

perimental  results can be described easily. 

Figure 3 describes experimental  strain concen- 
2. 

tration factor (SCF) with radius ratio at 0 = 9  

on the composi te  cylindrical  shell having an elli- 

ptical cutout  to show the difference of  strains on 

the inner and outer surface under axial loading 

condit ion.  The difference is involved by bending 

effect around a cutout. The  maximum S C F  is 

appeared at edge of  the cutout and values on the 

inner surface is larger than ones on outer surface 

in all considered region. The difference decreases 

steadily with increasing the radius ratio. 

Figure 4 and 5 show the stress concentrat ion 
2. 

factor (SCF) at 0 = 9 -  by analytical  and experi- 

mental method on a circular  and ell iptical cut- 

out, respectively. The membrane  stress component  

dominates  the bending stress component  in total 

stress. Fo r  a circular  cutout  problem, the total 

S C F  is a little bit larger than the experiment SCF,  

while for an ell iptical cutout  problem, the total 

S C F  is smaller  than the experiment SCF. Com-  

paring two figures, the maximum S C F  for elli- 

ptical cutout  larger than one for circular cutout. 
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That  result is not  the same as w e l l - k n o w n  pheno-  

menon.  It is true that cons ider ing  the same spec- 

imen in the d imens ions  and the same area o f  

the cutout,  S C F  for the cyl indrical  shell  with an 

el l iptical  cutout  w o u l d  be smaller than one  for 

a circular cutout  problem. But the results from 

considered problems in this paper are involved 

by the reason that the geometric  d imens ions  and 

the cutout  area o f  two  spec imens  are different in 

each other. 

Figure 6 indicates  the membrane  S C F  a long  a 

cutout  edge, which  is the dominant  c o m p o n e n t  in 

the total SCF,  for various circular cutout  sizes. 

The ma x i mu m membrane  S C F  appears at 0 = ~  
2 

and increases with increasing the cutout  size. 

For the cutout  size p 0 = 0 . 1 ,  the membrane  S C F  

at 0 ~ 0  has minus  signature and steadi ly  in- 

creases to 0---- 7 .  A r o u n d  0----~-, the compress ive  

c o m p o n e n t  stress shows  the ma x i mu m value and 

the larger o f  a cutout  size make the bigger o f  

compress ion  stress. Genera l ly  a cyl indrical  shell  

wi thout  any cutout  under axial  tens ion involves  

on ly  the tens ion stress states overal l  the shell.  

But the cy l indrica l  shell  with any cutout  under 

axial  tens ion has various def lect ion shapes and 

so some region around the cutout  may have the 
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compressive stresses. 

5. Conclus ions  

Stress analysis on the orthotropic composite 

cylindrical shell having one circular or an elli- 

ptical cutout is carried out by using analytical 

and experimental method. The composite shell 

governing equation of Donnell 's type is used 

and 4 coordinate systems are applied in order 

to present curvature effects. The considered load- 

ing condition is axial tension condition and all 

results are indicated by the stress concentration 

factor (SCF). 

(1) The maximum stress on an orthotropic 

composite cylindrical shell with one circular or 

an elliptical cutout appears at 0 : a "  
2" 

(2) Due to axial tension load condition, stress 

near a cutout on inner surface is larger than one 

on outer surface of the cylindrical shell with a 

cutout. 

(3) The membrane stress components dominate 

the bending components and the total stresses 

are obtained by the combination of these two 

components. The analytical results are agreement 

with the experimental results. And then the pres- 

ented analytical method will be used to predict 

the stress around the cutout for an orthotropic 

composite cylindrical shell. 

(4) The maximum membrane SCF on the edge 

of a cutout is proportional to the cutout size, p0. 

(5) The membrane SCF for a large cutout size 

is dramatically changed along cutout edge from 

0 : 0  to 0 :  ~-, while the SCF for a small cutout 

size is steadily changed. 
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